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Abstract

In this paper, we propose a unified framework for Quantum-corrected drift-diffusion (QCDD) models in nanoscale

semiconductor device simulation. QCDD models are presented as a suitable generalization of the classical drift-diffu-

sion (DD) system, each particular model being identified by the constitutive relation for the quantum-correction to the

electric potential. We examine two special, and relevant, examples of QCDD models; the first one is the modified DD

model named Schrödinger–Poisson–drift-diffusion, and the second one is the quantum-drift-diffusion (QDD) model.

For the decoupled solution of the two models, we introduce a functional iteration technique that extends the classical

Gummel algorithm widely used in the iterative solution of the DD system. We discuss the finite element discretization of

the various differential subsystems, with special emphasis on their stability properties, and illustrate the performance of

the proposed algorithms and models on the numerical simulation of nanoscale devices in two spatial dimensions.
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1. Introduction and motivations

The accurate prediction of the electrical behavior of up-to-date nanoscale semiconductor devices de-
mands for the inclusion of quantum effects, such as, for example, increased equivalent oxide thickness

due to strong electron confinement at silicon–silicon dioxide interface or direct tunneling through the
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channel potential barrier [1–3]. As these effects cannot be appropriately dealt with by the classical drift-dif-

fusion (DD) model, alternative and more sophisticated mathematical models must be adopted. In this re-

spect, two main approaches can be taken:

(i) employing a full quantum description of charge transport;
(ii) adding a suitable correction to the basic DD model to include quantum electrostatics.

The first approach typically relies on quantum models based on the non-equilibrium Green�s function [4]

or the Wigner function [5]. Another model is adopted in [6] to study the behaviour of devices in the quan-

tum ballistic limit and requires strong assumptions on the wavefunctions in the metal leads. All of these

models provide a very accurate and complete physical information on the quantum mechanical phenomena

occurring in the device. However, a certain lack of numerical robustness and the intensive computational

cost make these models still unsuitable for routine industrial semiconductor device simulation. These con-
siderations strongly prompt towards investigating the approach (ii). This latter has the advantage to exploit

all the benefits arising from the well established mathematical and numerical experience on the basic DD

model, allowing at the same time to design a state-of-the-art simulation tool.

In this work, we focus on two relevant modifications of the basic DD system, namely, the quantum–

drift-diffusion (QDD) model proposed in [7] and the Schrödinger–Poisson–drift-diffusion (SPDD) model

proposed in [8].

The QDD model emanates from a self-consistent derivation of a generalized equation of state for the

electron gas which includes a dependence on the gradient of electron density. This, in turn, allows to incor-
porate quantum phenomena description into the classical DD model by means of a quantum correction to

the electric potential, the so called Bohm potential [9].

The SPDD model is based instead on a fully two-dimensional consistent solution of the Schrödinger–

Poisson subsystem within a subregion of the semiconductor device, and incorporates quantum effects into

the classical DD framework by means of a modified density of states. The SPDD model is more accurate

than previous simulation schemes based on the coupling of the DD model with a one-dimensional solution

of the Schrödinger equation [1,10–12, 43], requiring at the same time a reduced computational cost com-

pared to the solution of a full quantum model.
In this paper, we show that the modification of the density of states in the SPDD model can indeed be re-

garded as a suitable quantum correction of the electric potential in theDD current relation. This allows to inter-

pret the SPDDmodel as a variation of the QDDmodel, and, more generally, to view both the SPDD and the

QDD models as special instances of a unified mathematical framework for nanoscale semiconductor device

simulation, denoted henceforth as quantum-corrected drift-diffusion (QCDD) approach. This latter family

ofmodels thus represents a suitable generalization of the classical drift-diffusion (DD) system, each particular

model being identified by the constitutive relation for the quantum-correction to the electric potential.

Following the derivation of a unified framework for QCDD transport models, we propose to apply a
functional iteration technique, which is customarily and successfully used in standard DD-based semicon-

ductor device simulation, to the decoupled numerical solution of the nonlinear boundary value problems

deriving from both the SPDD and QDD models. The iteration procedure is a generalized Gummel algo-

rithm [13–15] and, to our knowledge, represents the first fully decoupled functional iteration procedure

applied to the QDD model (see also [16,17] for the use of other partially decoupled iterative maps). The

advantage of adopting a Gummel-type iteration is twofold: on the one hand, it considerably saves compu-

tational effort and memory storage at each step, which is of relevant importance in multidimensional sim-

ulations; on the other hand, it leads to successively solving elliptic quasi-linear and linear boundary value
problems for which efficient and stable discretization methods can be employed [18,19]. Moreover, the

performance of the iterative procedure can be properly improved by resorting to suitable acceleration tech-

niques, for example, Newton–Krylov subspace iterations [20,21].
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The outline of the paper is as follows. In Section 2, we introduce the DD, SPDD and QDD transport

models, while in Section 3, we present a generalized framework for QCDD models, that encloses as special

cases both the SPDD and QDD models. Then, in Section 4, we introduce a functional iteration to construct

a decoupled algorithm for the iterative solution of the SPDD and QDD systems, and in Section 5, we dis-

cuss the finite element discretization of the various differential subproblems obtained after decoupling. The
detailed description of the numerical algorithms used in the computations is discussed in Section 6. Finally,

in Section 7, we illustrate and compare the performance of the proposed algorithms and models on the

numerical simulation of nanoscale devices in two spatial dimensions. Some concluding remaks and perspec-

tives on future work are addressed in Section 8.
2. Physical models

In this section, we present the classical DD transport model and introduce the notation that will be

used for the SPDD and QDD models. For ease of presentation, we develop in detail the derivation of

the models only for electron carriers, as a similar treatment holds for hole carriers. Throughout the sec-

tion, we shall assume that the device domain X is an open bounded set divided into two subregions, a

semiconductor region, XSi, and an oxide region, XOX, such that X ¼ XSi [ XOX. In each of these two re-

gions, we consider the material to be homogeneous and isotropic; this implies, in particular, that the elec-

tric permittivity e is a scalar piecewise constant quantity over X. The above device structure is an

appropriate model for a MOSFET (Metal–Oxide–Semiconductor Field-Effect Transistor), one of the most
widely used component in nowadays semiconductor device technology (see Sections 2.2, 3.2 and 7 for a

more detailed description).

2.1. The DD model

The classical DD model is the zeroth order moment in the expansion of the Boltzmann Transport Equa-

tion (see [5,15]) and, in the stationary case, it consists of the following system:
divJn ¼ qU in XSi;

divJp ¼ �qU in XSi;

�divðeruÞ ¼ qðp � nþ DÞ in X;

8><>: ð1Þ
where q > 0 is the electron charge, Jn and Jp are the electron and hole current densities, D is the net doping

profile in the device andU is the net recombination rate. In (1), the first two equations represent the continuity

equations for electrons and holes n and p, while the third equation is the Poisson equation for the electrostatic

potential u. The issue of a suitable set of boundary conditions for (1) will be addressed in Section 3.2.

The following constitutive relation for the electron current density Jn in terms of n and of the electron

quasi-Fermi potential un can be derived through a linearization of the distribution function in phase space

around its equilibrium value (see [13, Chapter 2])
JnðxÞ ¼ �qlnnðxÞrunðxÞ; ð2Þ

where x denotes the spatial coordinate of a point in the device domain and ln is the electron mobility. In (2),

un describes the deviation of the distribution function from its equilibrium value and it reduces to the con-

stant Fermi potential un0 at equilibrium when no current flow is expected. The electron density n can be

expressed as
nðxÞ ¼
Z þ1

Ec

gðE;EcðxÞÞf ðunðxÞ;EÞ dE in XSi; ð3Þ
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where E denotes energy, g(E,Ec(x)) is the density of states, f(un(x),E) is the occupation probability density

and Ec(x) is the energy at the bottom of the conduction band.

Let x be a fixed point in XSi. Then, for a non-degenerate semiconductor and assuming a single parabolic

energy band, we have
gðE;EcðxÞÞ ¼
1

2p2

2m�
n

�h2

� �3=2

ðE � EcðxÞÞ1=2; E P EcðxÞ ð4Þ
and
f ðunðxÞ;EÞ ¼ exp �E þ qunðxÞ
kbT

� �
;

where m�
n is the (scalar) electron effective mass, �h is the reduced Planck constant, kb is the Boltzmann con-

stant and T is the lattice temperature. The computation of the integral in (3) yields
nðxÞ ¼ N c exp
�qunðxÞ � EcðxÞ

kbT

� �
; ð5Þ
where Nc is the effective density of states in the conduction band. Let us introduce the intrinsic carrier

concentration
nint ¼
ffiffiffiffiffiffiffiffiffiffiffi
N cN v

p
exp � EGap

2kbT

� �
in XSi;
where EGap is the (constant) energy band gap and Nv is the effective density of states for holes of scalar

effective mass m�
p in the valence band. Then, relation (5) can be written as
nðxÞ ¼ nint exp
uðxÞ � unðxÞ

V th

� �
in XSi; ð6Þ
where Vth = kbT/q is the thermal potential and
uðxÞ ¼ �EcðxÞ þ EvðxÞ
2q

þ V th ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N c=N v

p� �
; ð7Þ
Ev(x) = Ec(x) � EGap being the energy at the top of the valence band. Replacing (6) into (2) yields the famil-

iar DD expression of the electron current density
JnðxÞ ¼ �qlnðnðxÞruðxÞ � V thrnðxÞÞ:

Repeating the above procedure for the hole density p, yields the following expression of the hole current
density:
JpðxÞ ¼ �qlpðpðxÞruðxÞ þ V thrpðxÞÞ;
where lp is the hole mobility.

2.2. The SPDD model

The SPDD model proposed in [8] generalizes the DD system by replacing the explicit expression (4) of

g(E,Ec(x)) in terms of E and Ec(x) with a direct computation of the discrete spectrum of energy states for

electron particles. The set of admissible energy states fEig; i 2 N, is computed through the solution of the

stationary eigenvector/eigenvalue Schrödinger problem
�div
�h2

2m�
n

rwðxÞ
� �

þ EcðxÞwðxÞ ¼ EwðxÞ in XSchr; ð8Þ
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where, by using (7), the relation between Ec(x) and u(x) can be written as
EcðxÞ ¼ �quðxÞ þ EGap

2
þ kbT ln

ffiffiffiffiffiffi
N c

N v

r� �
;

and XSchr ˝ XSi is a computational domain to be properly defined.

To simplify the presentation, we introduce the following assumptions:

(a) XSchr ” XSi;

(b) XSchr � R3.

We defer the discussion of these two assumptions and of their associated physical consequences to the

end of this section, where we will also extend the presentation below to situations in which these assump-

tions do not hold.

To recover a density of states from the line spectrum obtained by solving (8), we introduce the following

new definition for g
gðE; xÞ ¼ 2
X
i

dðE � EiÞjwiðxÞj
2
: ð9Þ
In (9), the summation is performed over all the possible energy states and d(E � Ei) denotes the Dirac delta

function centered at Ei. Notice that this modified density of states does not depend explicitly on Ec(x), as in

the case of the DD model. Rather, its spatial variation is given by the wavefunctions wi(x) which are non-

local functions of u(x). Also notice that the factor 2 in (9) accounts for the spin degeneracy of the energy
eigenstates. Inserting (9) into (3), yields the following modified expression of the free electron density:
nðxÞ ¼
Z þ1

Ec

gðE; xÞf ðunðxÞ;EÞ dE ¼
X
i

jwiðxÞj
2f ðunðxÞ;EiÞ in XSi: ð10Þ
The choice of appropriate boundary conditions for (8) is a critical issue. A straightforward approach, which

turns out to be computationally efficient, has been adopted in [8] and consists in setting
wðxÞjoXSi
� 0; ð11Þ
where oXSi is theboundaryof the semiconductordomainXSi. EnforcinghomogeneousDirichlet boundary con-

ditions for the wavefunction has the unphysical consequence that njoXSi
� 0. To solve this inconsistency, the

classical expression (6) is forced to hold in regions of the device where quantum effects are assumed to be neg-

ligible. This, in turn, demands to define a quantum region XQ � XSi, where (10) holds, and a classical region

Xcl � XSi, where (6) holds instead, so thatXSi = XQ [ Xcl. To properly account for the resulting splitted consti-

tutive relation for n, a quantum correction factor is defined as follows. We introduce a quantum electron density
nqðxÞ ¼ 2
X
i

jwiðxÞj
2f ðunðxÞ;EiÞ in XQ ð12Þ
and a classical electron density ncl(x) given by relation (6). Then, we set
cnðxÞ ¼
1 in Xcl;

nqðxÞ
nclðxÞ in XQ

8<: ð13Þ
and, accordingly, we define
nðxÞ ¼ cnðxÞnint exp
uðxÞ � unðxÞ

V th

� �
¼ cnðxÞnclðxÞðxÞ in XSi: ð14Þ
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Definition (13) introduces a jump discontinuity in the electron density n across the interface between XQ and

Xcl. A quantitative analysis of this issue is carried out in Section 3.4 where it is shown that a proper choice of

the ratio between the sizes of XQ and XSchr leads to negligible effects of such discontinuity. By setting
GnðxÞ ¼ V th lnðcnðxÞÞ;

relation (14) can be rewritten as
nðxÞ ¼ nint exp
uðxÞ þ GnðxÞ � unðxÞ

V th

� �
in XSi ð15Þ
so that, repeating the derivation carried out in Section 2.1, with (14) in place of (6), yields the following

modified constitutive relation for the electron current density
JnðxÞ ¼ �qlnnðxÞrunðxÞ ¼ �qlnðnðxÞrðuðxÞ þ GnðxÞÞ � V thrnðxÞÞ: ð16Þ

Following a completely similar procedure, the hole current density reads:
JpðxÞ ¼ �qlppðxÞrupðxÞ ¼ �qlpðpðxÞrðuðxÞ þ GpðxÞÞ þ V thrpðxÞÞ: ð17Þ
Let us now come back to assumptions (a) and (b) introduced at the beginning of the section. In most

real-life applications both these conditions are too restrictive, so that it is convenient to extend the SPDD

model to the case where neither of the two conditions (a) and (b) holds. As for assumption (a), we notice

that the computation of the eigenvalues of the discretized Hamiltonian is a rather intensive numerical task.

Therefore, it is convenient to solve (8) only in a smaller subdomain XSchr � X that needs to be properly de-

fined in such a way that the closed boundary condition (11) does not relevantly affect the quantum charge

nq(x) in XQ, which is the device subregion under the interface between silicon and silicon dioxide where
quantum effects are expected to be important. A representation of the device subdvision into the several

physical subdomains described in this section is shown in Fig. 1.

As for assumption (b), it must be noted that if the Schrödinger equation is solved in X � Rd , d = 1, 2,

then quantization effects are accounted for only in Rd , so that a continuum approximation similar to (9)

must be adopted for the energy levels associated with the remaining spatial directions. Therefore (9) and

(10) only hold if X � R3, while in the case X � Rd ; d ¼ 1; 2, we have
gðE; xÞ ¼
X
i

HðE � EiÞ j wiðxÞj
2g3�dðEÞ; ð18Þ
where H(E � Ei) denotes the Heavyside step-function centered at Ei. Accordingly, (12) becomes
nqðxÞ ¼
Z þ1

Ec

gðEÞf ðunðxÞ;EÞ dE ¼
X
i

jwiðxÞj
2

Z 1

Ei

g3�dðEÞf ðunðxÞ;EÞ dE; ð19Þ
where
g2 ¼
m�

n

p�h2
if d ¼ 1;

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m�

n

2p2�h2

r
ðE � EiÞ�ð1=2Þ

if d ¼ 2:

8>><>>: ð20Þ
2.3. The QDD model

The QDD model was introduced in [22] and originally named Density Gradient model because it was

obtained by allowing the electron gas equation of state to relate the quasi-Fermi potential un not only

to the electron density but also to its gradient. According to the single band version of the QDD model,

the electron density can be expressed using the modified Maxwell–Boltzmann relation (15) and the quan-



Fig. 1. Subdomain division of a two-dimensional cross-section of a MOSFET device.

C. de Falco et al. / Journal of Computational Physics 204 (2005) 533–561 539
tum correction Gn to the electric potential u (usually referred to as the Bohm potential) is defined by the

relation
Gn ¼
1ffiffiffi
n

p div
�h2

6qm�
n

r
ffiffiffi
n

p� �
: ð21Þ
For a microscopic derivation of (21) from the Wigner equation, we refer to [9] and [7], while in [22] a mac-

roscopic approach is adopted. Notice that the QDD expressions for the current densities are formally iden-

tical to (16) and (17). This formal analogy will be exploited in Section 6 to construct numerical algorithms

for the solution of the SPDD and QDD transport models.

2.4. Scaling

Before proceeding, it is useful to rewrite the DD, QDD and SPDD systems in a scaled form. The scaling

has the advantage to emphasize the singularly perturbed nature of the equations, which can be used as in

[14] to perform an a priori qualitative analysis of their solutions.

Our choice for the scaling parameters is as follows [13,14]:

� the scaling factor for the carrier densities is chosen to be the maximum value of the doping throughout
the device: n ¼ kDk1;X, where iÆi1,X is the norm for the space L1(X) of essentially bounded functions

over X;
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� voltages are scaled with respect to the thermal voltage, therefore u ¼ V th;

� lengths are scaled with respect to the diameter of the device: x ¼ maxx1;x22Xjx1 � x2j;
� mobilities are scaled with respect to the zero field electron mobility: l ¼ ln0 .

Accordingly, we define the following non-dimensional quantities:
Table

Non-d

Symbo

g2n
g2p
b
d2n
d2p
k2

h

bn ¼ n
n
; bu ¼ u

u
; cun ¼

un þ V th ln nint=nð Þ
u

; bx ¼ x
x
; cln ¼

ln

l
; bU ¼ U

x2

qln
ð22Þ
and the non-dimensional coefficients
d2n ¼
�h2

6qm�
nx

2u
; b ¼ V th

u
¼ 1; k2 ¼ ue

qx2n
: ð23Þ
Using (22) and (23), Eq. (21) becomes
cGn ¼
1ffiffiffibnp cdiv d2n br ffiffiffibnp� �

:

Similarly, the Poisson equation (1)3 reduces to
�cdivðk2 brbuÞ ¼ bp � bn þ bD;
while the continuity equation (1)1 reads
�cdivðclnðbn brðbu þ cGnÞ � b brbnÞÞ ¼ bU :
As for the Schrödinger equation (8), we set
g2n ¼
�h2

2qm�
nx

2u
;

and we obtain
�g2n
cdiv brbw þcEc

bw ¼ bE bw:

Furthermore, we define the non-dimensional coefficient
h ¼ nint
n

; ð24Þ
which will be useful in the definition of the boundary conditions.

In Table 1, we summarize the non-dimensional coefficients for electrons and holes appearing in the QDD

and SPDD equations, providing their numerical values in the case of a nanoscale device.
1

imensional coefficients in QDD and SPDD equations for a device with n ¼ 1024 m�3 and x ¼ 10�7 m

l Meaning Value

�h2=ð2qm�
nux

2Þ 1.46 · 10�5

�h2=ð2qm�
pux

2Þ 4.25 · 10�5

V th=ðuÞ 1

�h2=ð6qm�
nx

2uÞ 1.88 · 10�4

�h2=ð6qm�
px

2uÞ 5.48 · 10�4

ðueÞ=ðqx2nÞ 1.7 · 10�3

nint=n 6.1401 · 10�9
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3. Unified framework for quantum-corrected DD models

We have shown in the preceeding sections that the QDD and SPDD models can be regarded as gener-

alizations of the classical DD model, only differing by the choice of the constitutive relation for the quan-

tum corrections Gn and Gp to the electric potential. In this section, we will present a unified framework for
quantum-corrected DD models which includes both QDD and SPDD as special cases. These latter models

can be derived by an appropriate definition of the constitutive relations for the quantum correction poten-

tials Gn and Gp. For sake of completeness, we consider both electron and hole contributions to charge trans-

port. For ease of notation, we will use henceforth for any scaled quantity the same symbol as in the

unscaled case.

3.1. The unified form of quantum-corrected DD models

All of the three models discussed in Section 2 can be written in the following unified form:
�divðk2ruÞ þ n� p � D ¼ 0;

�divðlnðrn� nrðuþ GnÞÞÞ ¼ �U ;

�divðlpðrp þ prðuþ GpÞÞÞ ¼ �U ;

n ¼ expððuþ GnÞ � unÞ;
p ¼ expðup � ðuþ GpÞÞ;
Gn ¼ Gnðu;un; nÞ;
Gp ¼ Gpðu;up; pÞ:

8>>>>>>>>>>><>>>>>>>>>>>:
ð25Þ
In (25), the quantity U represents the scaled net recombination rate in the semiconductor and is a function

of the carrier densities n, p and quasi-Fermi potentials un and up. A constitutive relation for this term in

quantum-corrected models is not well established. In [23], the authors propose the following formal

expression:
U ¼ 1

a0 þ a1nþ a2p
ðexpðup � unÞ � a3Þ; ð26Þ
where a0, a1, a2 and a3 are positive constants which should be chosen in such a way that U vanishes at equi-

librium. An example of a recombination model which fits (26) and respects the latter condition is proposed

in [24] as a QDD extension of the classical Shockley–Read–Hall theory [13]. As the focus of this paper is on
comparing different choices for the quantum correction terms, in what follows we will neglect recombina-

tion phenomena and set U = 0.

Each particular model is characterized by the constitutive relations (25)6 and (25)7 for the correction

terms Gn and Gp.

The DD model corresponds to setting
GDD
n ðu;un; nÞ ¼ 0;

GDD
p ðu;up; pÞ ¼ 0;

(
ð27Þ
while the QDD model corresponds to setting
GQDD
n ðu;un; nÞ ¼ d2n

divðr
ffiffiffi
n

p
Þffiffiffi

n
p ;

GQDD
p ðu;up; pÞ ¼ �d2p

divðr ffiffiffi
p

p Þffiffiffi
p

p :

8>><>>: ð28Þ
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Getting Gn from (25)4 and Gp from (25)5, and substituting them into (27) yields the following equivalent

relations for computing the Bohm potentials, which are more amenable to numerical implementation
�div d2nr
ffiffiffi
n

p� �
þ

ffiffiffi
n

p
ðun � uþ lnðnÞÞ ¼ 0;

�div d2pr
ffiffiffi
p

p� �
þ ffiffiffi

p
p ð�up þ uþ lnðpÞÞ ¼ 0;

GQDD
n ¼ ðun � uþ lnðnÞÞ;

GQDD
p ¼ ðup � u� lnðpÞÞ:

8>>>>><>>>>>:
ð29Þ
Finally, denoting by {Eni}, {wni}, the eigenvalues and the corresponding eigenfunctions of the Hamiltonian

Hn ¼ ½�g2nDþ Ec� for electrons, and by {Epi}, {wni} the eigenvalues and eigenfunctions of Hp ¼ ½�g2pD� Ev�
for holes, the SPDD model corresponds to setting
GSPDD
n ðu;un; nÞ ¼

un � uþ lnð
P
i
jwni j

2f ðun;EniÞÞ in XQ;

0 in Xcl;

8<:
GSPDD

p ðu;up; pÞ ¼
up � u� lnð

P
i
jwpi

j2f ðup;EpiÞÞ in XQ

0 in Xcl;

8<:

8>>>>>>><>>>>>>>:
ð30Þ
which can be cast in the following form more similar to (29):
n ¼
2
P
i
jwni j

2f ðun;EniÞ in XQ;

expðu� unÞ in Xcl;

8<:
p ¼

2
P
i
jwpi

j2f ðup;EpiÞ in XQ;

expðup � uÞ in Xcl;

8<:
GSPDD

n ¼ ðun � uþ lnðnÞÞ;
GSPDD

p ¼ ðup � u� lnðpÞÞ:

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð31Þ
As already described in Sections 2.2 and 2.3, both QDD and SPDD systems modify the classical DD model

by introducing a certain amount of non-locality in the relation that links the carrier densities to the elec-

trical and quasi-Fermi potentials. More precisely, in the QDD model this non-locality effect is obtained

through a dependance of un on the gradient of the concentrations, while in the SPDD model it is obtained

through a more detailed physical description of the density of states. A cross-validation and mutual com-
parison among the three models discussed in this section will be the object of thorough investigation in the

numerical experiments shown in Section 7.

3.2. Boundary conditions

In this section, we define the proper boundary conditions for the QCDD models introduced in Section

3.1.

In the case of the QDD model, we let X ˝ (0,1)d, d = 1, 2, 3, be the scaled device computational domain,
with XSi�X and XOX ” X nXSi (see Fig. 2). Moreover, let CSi ” oXSi be the boundary of XSi, COX ” oXOX the

boundary of XOX and CI ” COX \ CSi the interface between XSi and XOX, mOX and mSi being the outward unit

normal vectors to COX and CSi, respectively. These latter are divided into three disjoint subsets in such a

way that COX � COXD
[ COXN

[ CI and CSi � CSiD [ CSiN [ CI. The subsets COXD
and CSiD model the ohmic

contacts, where Dirichlet boundary conditions are given for carrier densities and potentials, while COXN
and
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CSiN are the remaining part of the boundary where Neumann conditions are enforced. More precisely, the

boundary conditions for the QDD model are as follows:

� at the Ohmic contacts a Dirichlet boundary condition is given for both the carrier concentrations and for

the electric and quasi-Fermi potentials
njCSiD
¼ nD; pjCSiD

¼ pD;

ujCSiD
¼ uSiD

; unjCSiD
¼ unD ; upjCSiD

¼ upD
; ujCOXD

¼ uOXD
:

(
ð32Þ
Furthermore, we assume that thermal equilibrium conditions and charge neutrality hold at the contacts,
and that quantum effects are negligible so that
pDnD ¼ h2;

nD � pD � DjCSiD
¼ 0;

unjCSiD
¼ ua � lnðhÞ;

upjCSiD
¼ ua þ lnðhÞ;

ujCSiD
¼ ua � lnðhÞ þ lnðnDÞ;

8>>>>>>>><>>>>>>>>:
ð33Þ
where ua is the scaled external applied potential at the ohmic contacts;
� at the artificial boundaries COXN

and CSiN , the normal components of the current densities and of the

electric potential and carrier density gradients are set equal to zero
Jn � mSijCSiN
¼ 0; Jp � mSijCSiN

¼ 0;

ru � mSijCSiN
¼ 0; ru � mOXjCOXN

¼ 0;

rn � mSijCSiN
¼ 0; rp � mSijCSiN

¼ 0;

8>><>>: ð34Þ
� at the boundary interface between oxide and semiconductor, imposing a proper set of boundary condi-

tions is a more involved and delicate issue. On the one hand, in a quantum model, one would expect the

carrier densities to become very small in the vicinity of the very high potential barrier given by the gate

oxide, and in the limit of an infinite barrier one should predict that both carrier densities tend to zero. On
the other hand, the condition of zero free charge carriers at the interface is incompatible with the mod-

ified Maxwell–Boltzmann statistics for electrons and holes, because it would require Gn and Gp to tend to
Fig. 2. Boundary subdivision for a two-dimensional cross-section of a MOSFET device.
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�1 and +1, respectively. To circumvent this problem, one can set the interface densities equal to a

small but non-zero value cI, which might be estimated by a priori 1D computations with a model includ-

ing tunneling of free carriers through the oxide barrier [24]. In the numerical computations presented in

Section 7, we have imposed a value of 10�2 m�3 for the charge densities at the interface, which corre-

sponds to a non-dimensional concentration cI = 10�27. Furthermore, at the interface we impose the nor-
mal component of the current densities to vanish and the normal component of the electric displacement

vector to be continuous, i.e.,
njCI
¼ pjCI

¼ cI;

Jn � mSijCI
¼ 0; Jp � mSijCI

¼ 0;

k2ru � mSi
� 	

CI
¼ 0;

8><>: ð35Þ
where [f]c denotes the jump of a function f across the d � 1-dimensional manifold c.

In the case of the SPDD model, the mathematical formulation of the boundary-value problem requires a

further subdivision of X as anticipated in Section 2.2. With this purpose, let XQ � X be the device subdo-

main in which we expect (by a priori physical considerations) the quantum effects to be relevant. Let

Xcl ” XnXQ, and let XSchr be a suitably chosen subdomain such that X ˚ XSchr XQ (see Fig. 1). The choice

of XSchr is the result of a careful trade-off. On the one hand, XSchr should be large enough to ensure that the

closed boundary conditions (11) for Eq. (8) do not significantly affect the quantum charge distribution. On

the other hand, the choice of a too wide XSchr can greatly increase the computational cost of the eigenvalue

problem. Conditions (32)–(35) still hold for the SPDD model. In addition, homogeneous boundary condi-
tions are enforced on the wavefunctions on oXSchr as in (11).
3.3. Recovering the classical limit

As we have presented both the QDD and SPDD models essentially as perturbations of the classical DD

model, it is natural to briefly address the issue of how those two former models reduce to the latter in the

classical limit.

In the case of the QDD model, we start noticing that, by formally setting d2n ¼ d2p ¼ 0, we immediately
recover the DD model. The mathematical analysis of the limiting behaviour of the QDD model has been

carried out in [23], where it was shown that the solution of the QDD model converges to the solution of the

classical DD model as d2n; d
2
p ! 0. From a quantitative point of view, letting
LQDD
cl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2

6m�
nkbT

s
;

we note that d2n � 1 when x 	 LQDD
cl , so that, at room temperature (T = 300 K), the classical limit is at-

tained when the characteristic device length x is much larger than LQDD
cl ¼ 1:4 nm.

For the SPDD case, it is well known (see for example [25]) that for a very large crystal and near equi-

librium the summation in (9) reduces to the expression in (4) so that cn = 1. As an example, we consider a

1D case with u = 0, for which the following exact expression of the energy eigenvalues is available
Ei ¼ Ec þ g2np
2i2; i ¼ 1; 2; . . . ð36Þ
Introducing the previous relation into (19) with d = 1 yields
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gðEÞ ¼ hgðE; xÞi ¼
X1
i¼1

HðE � EiÞhj w2
i ðxÞ jig2ðEÞ ¼

X
i< 1

pgn

ffiffiffiffiffiffiffiffi
E�Ec

p
HðE � EiÞg2ðEÞ

¼ int
1

pgn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E � Ec

p� �
g2ðEÞ; ð37Þ
where Æf(x)æ is the integral mean value of a function f over the device domain and 8z 2 R, int(z) stands for

the greatest integer smaller than z. Thus, for
1

pgn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E � Ec

p
	 1; ð38Þ
one gets
gðEÞ ’ 1

pgn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E � Ec

p� �
g2ðEÞ ¼ g3ðEÞ;
which is the same density of states function used in (4). Letting
LSPDD
cl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2�h2

2m�
nkbT

s
;

we note that condition (38) is attained for energies E > Ec if 1 � 1
pgn

¼ x=LSPDD
cl , i.e., for

x 	 LSPDD
cl ¼ 7:5 nm, which is essentially the same condition obtained in the case of the QDD model.

Fig. 3 shows the quantum correction Gn in the channel of a 1D n+–n–n+ device for different values of the

channel length. Concerning with the top figures, on the x-axis, we indicate the length of the device (in m),
while on the y-axis we denote the scaled position along the device. The bottom figures display the quantity

Gn at the middle of the channel as a function of the device length. Notice that, as expected, the quantum

correction becomes negligible as x increases.

3.4. A proper choice for the quantum region

In the example discussed in Section 3.3, we have considered, for sake of simplicity, a spatial average of

the modified density of states g(E,x), which, for a uniformly doped material, leads to a constant quantum
charge density nq. Actually, even in the case u = 0 and D constant, the quantum charge density is not con-

stant in XSchr, but, if the width x of XSchr satisfies the condition x 	 LSPDD
cl , it is almost flat about the center

of the well, where the value of nq is close to nint, and rapidly goes to zero at the boundaries. For this reason,

as described in Section 3.2, one can obtain an almost constant charge density by forcing cn = 1, i.e.,

nq = ncl = nint in a subregion XSchrnXQ of XSchr. The choice of the subregion XQ has to be made in such

a way that the discontinuity suffered by the charge density n across its boundary oXQ is small. In Fig. 4,

the jump |nint � nq|/nint = |1 � cn| for the case u = 0 is plotted as a function of the width x of the well.

The white and red line show the width of the quantum region for which |1 � cn| 6 0.01 and |1 � cn| 6 0.001,
respectively.

Notice that, as x increases, the distance from the boundary at which nq approaches nint decreases very

rapidly. To understand this fact, we can use the exact expression of the wavefunctions
jwiðxÞj
2 ¼ sin2ðipxÞR 1

0
sin2ðipxÞ dx

¼ 2sin2 2p
x
Ki

� �
; i ¼ 1; 2; . . . ;
where we have introduced the scaled wavelengths Ki = 2/i. It can be easily checked that, by inserting (20)2 in

(19) and applying the scaling procedure described in Section 2.4, one gets



Fig. 3. The quantum correction potential Gn in the channel of a 1D n+–n–n+ device as a function of the channel length (figures on the

left are obtained by QDD simulations and those on the right by SPDD simulations).
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nq ¼ 2
X
i

fnsin
2 2p

x
Ki

� �
expð�Ei � unÞ; fn ¼

m�
npkbT

x�h2
: ð39Þ
From (39) and (36) it becomes evident that, increasing the well width x the energy Ei associated with a given

wavefunction wi of wavelength Ki (with i fixed), decreases rapidly so that its contribution to the summation

in (39) becomes more relevant. Therefore, while for small x low wavelength functions are strongly damped,
as x becomes larger they become more important. This can be also observed in Fig. 5, where the product

f(E)Æg(E)æ for DD and 1D SPPD models is compared for different values of x.



Fig. 4. Relative difference |1 � cn| between quantum and classic charge in an intrinsic Si sample with u = 0, as a function of the width x.

Fig. 5. Comparison of the product f(E)Æg(E)æ for DD and 1D SPPD models for different values of x (the gray area is the difference

between Ænqæ and ncl).
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4. Functional iterations

In this section, we discuss the decoupled functional iteration that will be used to solve the unified quan-

tum-corrected model (25). This model constitutes a highly nonlinear system of boundary-value problems.
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The choice of the Newton method for the linearization of (25), although attractive due to the quadratic

convergence, is affected by several drawbacks. First, its high computational effort (in terms of memory stor-

age, ill-conditioning of the Jacobian matrix and linear system solution at each step of the iterative proce-

dure). Second, the need of availing (or constructing) a good initial guess to fully exploit second-order

convergence. Third, the strong request on computing strictly positive carrier densities, which is a priori
impossible to ensure when dealing with a fully coupled solution approach.

To overcome these limitations, a decoupled algorithm, well-known as Gummel map [26], is usually em-

ployed in the numerical approximation of the Drift-Diffusion model. The Gummel map can be interpreted

as a nonlinear block Gauss–Seidel functional iteration, which consists in the successive solution of the non-

linear Poisson�s equation (25)1 coupled with (25)4 and (25)5, and of the two linearized continuity Eqs. (25)2
and (25)3. The method typically exhibits a rapid convergence and a good robustness with respect to the

choice of the initial guess. Moreover, stable and monotone discretization schemes can be applied to the

numerical solution of the linearized continuity equations, which allow to compute strictly positive carrier
concentrations with appropriate current conservation properties (see [27–31]). A detailed study of the Gum-

mel map can be found in the references [32,33,14,34,20,15].

In the following, we propose a generalization of the Gummel decoupled algorithm to the iterative solu-

tion of the quantum-corrected model (25).

With this aim, we construct a functional iteration
ðun;upÞ ! T ðun;upÞ ð40Þ
mapping a given couple (un,up) into T(un,up), as follows:

(Step 1) compute
ðu;Gn;GpÞ ¼ Uðun;upÞ ð41Þ
by iteratively solving the subsystem (25)1, (25)6 and (25)7, where the generalized Maxwell–Boltzmann sta-

tistics (25)4–(25)5 is used for n and p in (25)1;

(Step 2) compute
un ¼ Unðu;GnÞ ð42Þ

by solving the linearized electron continuity equation (25)2 with respect to the variable n and then setting
un ¼ ðuþ GnÞ � lnðnÞ;

(Step 3) compute
up ¼ Upðu;GpÞ ð43Þ
by solving the linearized hole continuity Eq. (25)3 with respect to the variable p and then setting
up ¼ ðuþ GpÞ þ lnðpÞ:
The boundary conditions for each differential subproblem involved in (40) are the same as described in

Section 3.2. During the execution of Step 1, the functions un and up are given and kept fixed, while in Steps

2 and 3, the functions u, Gn and Gp resulting from Step 1 are plugged into (42) and (43) and kept fixed, as in

a standard Gauss–Seidel procedure (see [15] for a thorough discussion of this latter aspect). Special atten-

tion must be paid to the treatment of the net recombination rate in the solution of the linearized electron
and hole continuity equations. As a matter of fact, the expressions (42) and (43) have rigorous validity only

if, as is the case for this paper, the recombination term is neglected, otherwise one should also linearize U

with respect to un and up. A possible strategy could be to resort to the lagging procedure described in [15],
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although a more thorough investigation is needed about this issue (see [24] for some numerical results in the

case of the QDD model). The above decoupled iteration consists of an outer loop (Steps 1, 2 and 3) and of

an inner loop (Step 1). This latter loop can be regarded as a consistent generalization of the solution of the

nonlinear Poisson equation (25)1, where the algebraic Maxwell–Boltzmann relations (25)4–(25)5 for n and p

are replaced by the solution of the differential problems (29) (in the QDD case) and (30) (in the SPDD case).
In the case of the DD model we have Gn = Gp = 0, and the algorithm (40) reduces to the classical Gum-

mel map.

In the case of the QDD model, the inner loop (41) is defined by the following fixed point map:
(Step 1.1) Initialize Gn and Gp and compute
u ¼ Uuðun;up;Gn;GpÞ ð44Þ
by solving with respect to u the nonlinear Poisson equation (25)1 coupled with (25)4-(25)5;

(Step 1.2) compute
Gn ¼ Gnðu;unÞ ð45Þ

by solving the nonlinear equation (29)1 with respect to the variable

ffiffiffi
n

p
, and setting
Gn ¼ un � uþ lnðnÞ;
(Step 1.3) compute
Gp ¼ Gpðu;upÞ ð46Þ
by solving the nonlinear equation (29)2 with respect to the variable
ffiffiffi
p

p
, and setting
Gp ¼ up � u� lnðpÞ:
In the case of the SPDD model, Steps 1.2 and 1.3 are replaced by the computation of the eigenvalues and

eigenvectors for the Hamiltonian operators Hn and Hp (see Section 3.1) and by the computation of Gn and

Gp through relations (30). In the simulation of n-type devices, such as an n-channel MOS transistor, where

current transport is mainly due to electrons, the solution of the SPDD equations for the hole carriers can be

conveniently replaced by the solution of the corresponding DD equations. This allows to significantly re-

duce the high computational effort of the two-carrier SPDD model, maintaining at the same time a reason-

able physical accuracy of the model. This simplified SPDD model is discussed in Sections 6.2 and 7. An
analogous procedure can be obviously carried out when simulating p-type devices, by neglecting quantum

transport effects due to electron contribution.

The convergence analysis of the generalized Gummel map (40) and of its corresponding finite element

discretization (discussed in Section 5) will be object of a forthcoming paper. At the present stage, the main

difficulty is to deal with Steps 1.2 and 1.3, that are the major (nonlinear) modification to the standard Gum-

mel map used in the DD model. In particular, it is crucial to establish that a maximum principle is satisfied

by the solutions
ffiffiffi
n

p
and

ffiffiffi
p

p
of (29)1 and (29)2, proving as a consequence that n and p are positive quantities

through the functional iteration (40). The issue of positiveness of the carrier densities will be addressed in
more detail in Section 5, where a (properly) damped Newton method will be adopted to construct itera-

tively a sequence of positive approximants to the solutions of the nonlinear equations (29)1 and (29)2.

Other functional block nonlinear iterations for the QDD model, related to (40), were proposed and

analyzed in [16] and [17]. In the first reference, a generalized Gummel map is considered which consists of

the successive solution of two nonlinear blocks, each one through a fully coupled approach. The first block

amounts to carrying out Step 1 through the coupled solution of Eqs. (25)1, (29)1 and (29)2 with respect to the

variables u, n and p, while the second block amounts to carrying out Steps 2 and 3 through the coupled
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solution of Eqs. (25)2 and (25)3 with respect to the dependent variables. In the second reference, a unipolar

1D QDD model (for electrons) is dealt with. The structure of the proposed iterative mapping is similar to

that in [16], the main difference being the use of the (generalized) Slotboom variable un ¼ ne�ðuþGnÞ, instead

of the quasi-Fermi level un, in the solution of the (linear) electron continuity equation.
5. Finite element discretization

In this section, we describe the finite element discretization of the differential subproblems involved in the

generalized Gummel map introduced in Section 4.
5.1. Approximation of the QDD model

Step 1.1. amounts to solving the nonlinear Poisson equation
�divðk2ruÞ þ expððuþ GnÞ � unÞ � expðup � ðuþ GpÞÞ ¼ 0 in X ð47Þ
with respect to the unknown u, for given un, up, Gn, Gp, and subject to mixed Dirichlet–Neumann bound-
ary conditions as discussed in Section 3.2. A damped Newton method is adopted for the linearization of

(47), and the corresponding discretization is carried out using piecewise linear continuous finite elements

as done in [35] in the case of the DD model. The resulting linear algebraic system to be solved at each step

of the damped Newton iteration is characterized by having a symmetric positive definite and diagonally

dominant coefficient matrix, provided that a suitable lumping procedure is employed to treat the zeroth

order term in (47). The solution of the system is then efficiently performed by a preconditioned Conjugate

Gradient method.

The iterative solution and the finite element discretization of Steps 1.2 and 1.3 is a critical issue, because
of the need of maintaining positive solutions for the (square root) of the carrier densities. With this aim, we

have modified the standard Newton procedure by introducing a relaxation parameter, to be chosen in such

a way that the linearized boundary value problem (and the corresponding finite element approximation)

enjoys a maximum principle. This is a sufficient condition to ensure positivity of the computed approximate

carrier concentrations. We describe the novel methodology in the case of the Eq. (29)1 for electrons, a

completely similar treatment being used to solve the Eq. (29)2 for holes.

Let w ¼ ffiffiffi
n

p
; then, the standard Newton iteration applied to problem (29)1 reads: given an initial guess

w(0), at each step kP 0 solve for the unknown w(k + 1) the linear elliptic problem
�divðd2nrwðkþ1ÞÞ þ ðun � uþ 2 lnðwðkÞÞÞwðkþ1Þ þ 2wðkþ1Þ ¼ 2wðkÞ in XSi ð48Þ

subject to mixed Dirichlet–Neumann boundary conditions (for the variable

ffiffiffi
n

p
instead of n) as discussed in

Section 3.2. If the following condition is satisfied
ðun � uþ 2 lnðwðkÞÞÞ þ 2 P 0 in XSi ð49Þ

then (48) defines a linear continuous mapping from the function space H 1

CSiD
ðXSiÞ into itself, where

H 1
CSiD

ðXSiÞ is the Sobolev space of order 1 accounting for non-homogeneous boundary conditions associ-

ated with w(k + 1) (see [36,37] for a definition of this functional space and a discussion of its properties).

Moreover, it can be checked that a maximum principle holds for the weak solution of (48), which implies

that w(k + 1) > 0 in XSi provided that w(k), kP 0, and the boundary data are positive.

In the case where condition (49) is not satisfied, we can still ensure positivity of w(k + 1) by introducing a
damping parameter tk,0 < tk 6 1 in such a way that
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tk <
2

j inf
XSi

ðun � uþ 2 lnðwðkÞÞÞj ;
and modifying (48) as follows
�divðd2nrwðkþ1ÞÞ þ ðun � uþ 2 lnðwðkÞÞÞwðkþ1Þ þ 2

tk
wðkþ1Þ ¼ 2

tk
wðkÞ in XSi; ð50Þ
where the use of tk on the right-hand side is required to maintain the consistency of the iterative procedure.
Problem (50) defines a modified fixed-point iteration with relaxation which, albeit not enjoying in general

the quadratic convergence of Newton method, ensures that the square root of the electron carrier concen-

tration remains positive at each step. The finite element discretization of problem (50) with piecewise linear

continuous finite elements proceeds as in the case of the nonlinear Poisson equation (47). In particular, by

lumping the mass matrix corresponding to the zeroth-order term in (50), the resulting linear algebraic sys-

tem is characterized by having a symmetric positive definite and diagonally dominant coefficient matrix,

with positive diagonal entries and non-positive off-diagonal entries, and by a positive right-hand side. These

properties ensure that the coefficient matrix is an M-matrix and that the positivity property of w still holds
on the discrete level.

Once Step 1 has been solved as described above, the numerical approximation of the remaining linear

continuity equations (Steps 2 and 3) is carried out by a finite element scheme using piecewise linear contin-

uous elements with exponential fitting as done in [31] in the case of the DD model. This approach is a con-

sistent generalization of the classical Scharfetter-Gummel difference scheme to Delaunay-type triangular

decompositions of the device domain. It has the advantage of automatically introducing an upwinding

treatment of the carrier densities along triangle edges, which in turn ensures that the method satisfies a

discrete maximum principle with positive nodal values of the carrier densities n and p (see [38,39] for a thor-
ough discussion of this latter subject).
5.2. Approximation of the SPDD model

As it has been pointed out before, the algorithm used for solving the SPDD system only differs from that

for the QDD system by the method used to compute the quantum correction potential. In particular, the

solution of the nonlinear elliptic boundary value problem (29)1 is substituted by the computation of the

eigenvalues and eigenvectors of the Hamiltonian Hn followed by the summation (31)1. This approach

has two main effects which are relevant for the implementation of the numerical algorithm; on the one

hand, (31)1 guarantees that the quantum charge is always positive, on the other hand the heavy cost of

the eigenvalue/eigenvector problem makes it very convenient to neglect the quantum correction term for

one of the carriers, when it is not expected to have a high impact on the value of the currents. For example,
in the device simulation presented in Section 7 we have treated the holes using the DD model. To discretize

the operator Hn we have used piecewise linear finite elements, and we have solved the discrete eigenvalue/

eigenvector problem using Arnoldi�s method.
6. Numerical algorithms

In this section, we provide a detailed description of the algorithms emanating from the iterative proce-
dure (40) for the approximate solution of the QDD and SPDD models.
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6.1. Detailed description of the algorithm for the QDD model

� Input: fuð0Þ; nð0Þ;uð0Þ
n ;Gð0Þ

n ; pð0Þ;uð0Þ
p ;Gð0Þ

p ;toll;kmax;jmaxg
� set cð0Þn ¼ lnðGnÞð0Þ; cð0Þp ¼ lnðGð0Þ

p Þ
� for k = 1,. . ., kmax (k is the outer iteration counter)
(1) for j = 1,. . ., jmax (j is the inner iteration counter)

(a) Solve for u(using a damped Newton method):
�divðk2ruÞ þ cðkÞn jþ1
expðu� uðkÞ

n Þ � cðkÞp jþ1
expð�uþ uðkÞ

p Þ � D ¼ 0
(b) set:
uðkÞ
jþ1 ¼ u
(c) Solve for w (using the modified Newton method):
�divðd2nrwÞ þ wðuðkÞ
n � uðkÞ

jþ1 þ 2 lnðwÞÞ ¼ 0
(d) Solve for v (using the modified Newton method):
�divðd2prvÞ þ vð�uðkÞ
p þ uðkÞ

jþ1 þ 2 lnðvÞÞ ¼ 0
(e) set:
nq ¼ w2; pq ¼ v2

ncl ¼ expðuðkÞ
jþ1 � uðkÞ

n Þ; pcl ¼ expðuðkÞ
p � uðkÞ

jþ1Þ

GðkÞ
n jþ1

¼ uðkÞ
n � uðkÞ

jþ1 þ 2 lnðwÞ; GðkÞ
p jþ1

¼ uðkÞ
p � uðkÞ

jþ1 � 2 lnðwÞ

cðkÞn jþ1
¼ nq

ncl ¼ expðGðkÞ
n jþ1

Þ; cðkÞp jþ1
¼ pq

pcl
¼ expðGðkÞ

p Þjþ1

nðkÞjþ1 ¼ cðkÞn jþ1
ncl; pðkÞjþ1 ¼ cðkÞp jþ1

pcl
(f) if kuðkÞ
jþ1 � uðkÞ

j k1;X 6 toll set:
uðkþ1Þ ¼ uðkÞ
jþ1

n kþ1
2ð Þ ¼ nðkÞjþ1; p kþ1

2ð Þ ¼ pðkÞjþ1

Gðkþ1Þ
n ¼ GðkÞ

n jþ1
; Gðkþ1Þ

p ¼ GðkÞ
p jþ1

cðkþ1Þ
n ¼ cðkÞn jþ1

; cðkþ1Þ
p ¼ cðkÞp jþ1
and proceed to step 2

(g) else :repeat steps a) ! e)

(2) Solve for n:
�divðlnrn� lnnrðuðkþ1Þ þ Gðkþ1Þ
n ÞÞ ¼ 0
(3) set:
nkþ1 ¼ n; uðkþ1Þ
n ¼ uðkþ1Þ � ln

nðkþ1Þ

cðkþ1Þ
n

 !
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(4) Solve for p:
�div lprp þ lppr uðkþ1Þ þ Gðkþ1Þ
p

� �� �
¼ 0
(5) set:
pðkþ1Þ ¼ p; uðkþ1Þ
p ¼ uðkþ1Þ þ ln

pðkþ1Þ

cðkþ1Þ
p

 !

(6) if iu(k + 1)�u(k)i1,X6 toll and kuðkþ1Þ

n � uðkÞ
n k1;XSi

6 toll and kuðkþ1Þ
p � uðkÞ

p k1;XSi
6 toll exit

(7) else : go back to step 1.

6.2. Detailed description of the algorithm for the SPDD model

� Input: Input: fuð0Þ; nð0Þ;uð0Þ
n ; pð0Þ;uð0Þ

p ;toll;kmax;jmaxg
� for k = 1,. . .,kmax (k is the outer iteration counter)

(1) for j = 1,. . .,jmax (j is the inner iteration counter)

(a) Solve for u(using a damped Newton method):
�divðk2ruÞ þ cðkÞn jþ1
expðu� uðkÞ

n Þ � cðkÞp jþ1
expð�uþ uðkÞ

p Þ � D ¼ 0
(b) set:
uðkÞ
jþ1 ¼ u
(c) Solve for the eigenvalues {Eni} and eigenvectors {wni}:
�divðg2nrwÞ þ Ecw ¼ Ew
(d) set:
nq ¼
P
i
j wnij

2 Rþ1
Eni

f ðEÞg2DðEÞdE; ncl ¼ expðuðkÞ
jþ1 � uðkÞ

n Þ

cðkÞjþ1 ¼
nq
ncl

in XQ

1 in Xcl

8<:
GðkÞ

n jþ1
¼ lnðcðkÞjþ1Þ; nðkÞjþ1 ¼ cðkÞjþ1ncl
(f) if kuðkÞ
jþ1 � uðkÞ

j k1;X 6 toll set:
uðkþ1Þ ¼ uðkÞ
jþ1; nðkþ

1
2
Þ ¼ nðkÞjþ1

pðkþ
1
2
Þ ¼ pðkÞjþ1; Gðkþ1Þ

n ¼ GðkÞ
n jþ1

cðkþ1Þ ¼ cðkÞjþ1
and proceed to step 2

(g) else : repeat steps a) ! e)
(2) Solve for n:
�divðl rn� l nrðuðkþ1Þ þ Gðkþ1ÞÞÞ ¼ 0
n n n
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(3) set:
Fig. 6.

profile
nðkþ1Þ ¼ n; uðkþ1Þ
n ¼ uðkþ1Þ � ln

nðkþ1Þ

cðkþ1Þ

� �

(4) Solve for p:
�divðlprp þ lppruðkþ1ÞÞ ¼ 0
(5) set:
pðkþ1Þ ¼ p; uðkþ1Þ
p ¼ uðkþ1Þ þ lnðpðkþ1ÞÞ
(6) if iu(k + 1)�u(k)i1,X6 toll and kuðkþ1Þ
n � uðkÞ

n k1;XSi
6 toll and kuðkþ1Þ

p � uðkÞ
p k1;XSi

6 toll exit

(7) else : go back to step 1.
7. Numerical results

In this section, we discuss the numerical results concerning the simulation of a nanoscale MOSFET de-

vice similar to that studied in [8]. In doing this, we will compare the computational performance and the

physical accuracy of the DD, QDD and SPDD models introduced in Section 2. Devices similar to the

one considered in this section are expected to be in mass production beyond 2010, as specified by the Inter-

national Technology Roadmap for Semiconductors [40,41].

The device geometry, the finite element triangulation and the doping profile are shown in Fig. 6. In all

the reported figures, the international system of units (SI) is used. The device has a 15 nm long channel with

a uniform p-type doping of 2 · 1025 m�3; the drain and source contact regions have a uniform n-type dop-
ing of 5 · 1025 m�3 and reach 20 nm down into the bulk. The gate oxide is 1.5 nm thick and is 25 nm long,

so that it has an overlap of 5 nm with both the source and drain regions. The triangulation consists of 3284

elements and 1726 nodes.
Left: MOSFET Geometry and finite element triangulation, with highlighting of the different subdomains. Right: net doping

(log-scale); positive doping is n-type, negative is p-type.
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Fig. 7 shows the electric potential in the device with grounded bulk and source contacts and with 1.04

and 0.01 V voltages applied to the gate and drain contacts, respectively. Fig. 8 shows the electron density as

computed by the QDD (left) and SPDD (right) models and Fig. 10 shows the same quantities along the

following cross-sections:
� in the oxide-bulk direction at the middle of the channel (left);

� in the source-drain direction at a position corresponding to the electron density peak (right).

Both models exhibit a stiff boundary layer in the electron concentration at the Si/SiO2 interface. No oscil-
lations arise in the computed solution, due to the monotone exponentially fitted finite element method used

to discretize the continuity equations. Notice that, although the potential distributions in the bulk-to-gate

direction are very similar, the stiffness of the boundary layer computed by the QDD model is much stronger

than for the SPDD model. This can be explained by looking at Fig. 9 that shows the computed Bohm po-

tential distributions. Note that the Bohm potential computed by the SPDD model is much smoother near
Fig. 7. Electric potential. The gate-to-source voltage is 1.04 V.

Fig. 8. Electron concentration. The gate-to-source voltage is 1.04 V.



Fig. 9. Electron Bohm potential. The gate-to-source voltage is 1.04 V.
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the Si/SiO2 interface. For the QDD model, it is also to be noted that the strongly negative value of the cor-

rection factor ðGn ’ �1:5 V ) cGn ’ �60Þ forces the damping parameter tk defined in Section 5 to
become very small 2

tk
> 60 ) tk < 1

30

� �
. This has the drawback of slowing the convergence of the

algorithm, but, at the same time, it ensures the strict positivity of the electron concentration which is a man-

datory requirement in the physical problem.

A close-up on the channel of the transistor is given in Figs. 10 and 11. In particular, from Fig. 10 (left) it

becomes evident that the inversion layer computed by the SPDD simulation is much wider than that of the

classical simulation and the peak of the electron concentration is lower and it is attained a few nm�s away
from the interface. The QDD solution exhibits the same qualitative features but the quantitative prediction

of the charge peak shift is much smaller. The same phenomenon is observed by comparing the computed
DD current field shown in Fig. 11 (left) with the QDD current field shown in Fig. 11 (middle) and the

SPDD current field shown in Fig. 11 (right): in the former plot the current flow is concentrated at the inter-

face while in the latter two it is moved down towards the bulk because very few carriers are available at the

interface. By inspecting Fig. 10 (right) one may note that both quantum-corrected models predict a smaller
Fig. 10. Electron density in a section along the channel (right) and through the channel (left) of a MOSFET device close to the silicon/

silicon-dioxide interface. The gate-to-source voltage is 1.04 V.



Fig. 11. Electron current density in the channel of the device (left DD model, center QDD model, right SPDD model). The gate-to-

source voltage is 1.04 V.
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charge density in the middle of the channel than classical simulations, but the QDD result appears to be
smoother in this direction than the SPDD one.

Fig. 12 shows the I–V curve of the transistor. Notice that the QDD simulation results display both the

relevant quantum-mechanical effects observed in [8] and in experimental measurements in [41], and consist-

ing of a threshold voltage shift and a degraded subthreshold slope (see Fig. 14) in comparison with DD

results. On the other hand, by comparing these results with the SPDD curve, we may note that the

QDD model underestimates both effects. An explanation of these two latter phenomena can be attempted

by comparing the log-scale curve in Fig. 12 (right) with Fig. 13 where we show on the left the total charge in

the device ðqSi ¼
R
XSi
qðp � nþ DÞ dxÞ against the gate voltage and on the right the capacitance ðCMOS ¼ dqSi

dV g
Þ

against the gate voltage. As noted before, on the one hand, due to the strong confinement in the channel in
the bulk-to-gate direction, the QDD and SPDD electron concentration in the channel are consistently lower

than the DD value, on the other hand the QDD and SPDD inversion layers are wider and their width in-

creases with the increase of gate voltage, because lowering the potential barrier between source and drain
Fig. 12. I–V characteristics of a MOSFET device. Comparison between DD (dashed line) and bipolar QDD (solid line) models. The

drain current is plotted versus the gate-to-source voltage at 0.01 V drain-to-source voltage. Left: linear scale; right: log-scale.



Fig. 14. Subthreshold slopes computed by DD and QCDD models.

Fig. 13. Left: total charge in the quantum box. Right: capacitance.
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regions allows carriers to directly tunnel through the channel, as is also observed in [3] for double-gate

MOSFETs. Comparing QDD and SPDD predictions seems to indicate that the QDD model underesti-

mates the peak shift effect while it overestimates the effect of charge penetration under the channel barrier.

As a concluding modeling remark, we point out that all the results provided by the QDD simulations rely
on a proper choice of the value of the quantum diffusion coefficient d2n, which is typically used as a fitting

parameter depending on the semiconductor material [42]. The weight of quantum-mechanical effects along

different spatial directions suggests that to fit the QDD results with the SPDD predictions one might choose

to take d2n as a rank-two tensor instead of a scalar quantity. This could have a strong beneficial impact in

routine device simulations because, although the SPDD model is less expensive than more advanced quan-
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tum models, the computational effort required for the simulation of one bias point with SPDD is about 10

times more than required by QDD (approximately 5 minutes running a Matlab computer code on a PC

with a 700 MHz PPC-G3 processor).
8. Conclusions and future work

In this paper, we have proposed a unified framework for quantum-corrected drift-diffusion (QCDD)

models in nanoscale semiconductor device simulation. QCDD models are presented as a suitable general-

ization of the classical drift-diffusion (DD) system, each particular model being identified by the constitu-

tive relation for the quantum-correction to the electric potential. We have examined two special, and

relevant, examples of QCDD models; the first one is the Schrödinger–Poisson–drift-diffusion model, and

the second one is the quantum–drift-diffusion model. Both approaches provide a more accurate description
of the density of states than the DD model, in order to represent the effect of two-dimensional quantum

confinement on the charge densities in stationary regime. However, they neglect quantum effects in charge

transport modeling because they use a classical DD expression for the current densities. For the numerical

treatment of the two models, we have introduced a functional iteration technique that extends the classical

Gummel decoupled algorithm widely used in the iterative solution of the DD system. This extension rep-

resents, to our knowledge, the first fully decoupled procedure applied to the QDD model that ensures strict

positivity of the charge densities at each step of the iteration. We have discussed the finite element discret-

ization of the various differential subsystems, with special emphasis on their stability properties, and we
have successfully validated the performance of the proposed algorithms and models on the numerical sim-

ulation of nanoscale devices in two spatial dimensions.

Possible extensions in further investigation of QCDD models could be:

� the use of a Schrödinger equation with open boundary and direct quantum calculation of the current

densities to simulate quantum transport effects in device regions where the ballistic limit holds [6];

� the use of Fermi–Dirac statistics to account for short-range scattering phenomena related to the Pauli

exclusion principle;
� the inclusion of temperature effects connected with lattice heating (in the stationary case) and electron

gas heating (in transient computations).
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